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Abstract. Variable selection is important for making sense with (ultra) high-dimensional data. Penalized least 

squares such as the LASSO, elastic-net and the correlation based elastic-net (L1CP) are popular methods for 

carrying out variable selection and estimation simultaneously. This study proposes a modified version of the L1CP 

motivated by reasons similar to that given by Zou and Hastie (2005) where the naïve elastic net was rescaled to give 

the elastic net. The scaling transformation is derived such that the double shrinkage caused by applying two penalties 

is undone thereby reducing bias. The derived scaling transformations are found to depend on the correlations among 

the predictors. A robust worst-case quadratic solver is used to obtain estimates. An evaluation of the proposed 

method which is referred to as CL1CP alongside the L1CP, LASSO and elastic-net through simulation studies 

illustrate the advantages of the CL1CP compared to the other alternatives considered especially in correct selection 

of sparse models. In terms of variable selection, estimation and prediction accuracy the proposed CL1CP performs 

favourably compared to the L1CP, LASSO and elastic-net especially for “grouped-variables” selection. Results 

from applications to two real life datasets corroborate the findings from simulation studies. 
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1. INTRODUCTION  

The multiple linear regression model is frequently used in studies for carrying out predictions and studying 

the effects of some predictor variables on a continuous response variable. Let the response vector be 

denoted by 𝑌 = (𝑦1, … , 𝑦𝑛)
𝑇 and 𝑋 = [𝑋1, . . . , 𝑋𝑝]

𝑇
denote the predictor matrix, where 𝑝 is the number 

of predictor variables. The regression model that represents the relationship between 𝑌 and 𝑋1, 𝑋2, · · · 
, 𝑋𝑝 is 

                                                𝑌 = 𝛽0 + 𝑋
𝑇𝛽 + 𝜖,                                                                       (1) 

where 𝛽 = (𝛽1, . . . , 𝛽𝑝)
𝑇

 is a vector of unknown regression coefficients to be estimated with  

𝛽𝑗 representing the regression coefficient corresponding to predictor variable 𝑋𝑗, 𝑗 = 1,… , 𝑝; 𝛽0 is the 

intercept and 𝜖 is a vector of error terms. Throughout this paper, we assume the errors 𝜖 are identically 

and independently distributed with zero mean and finite variance  𝜎2. The ordinary least squares (OLS) 

technique which is the classical approach for estimating the coefficients can be inefficient and not 

applicable when the predictors are highly correlated and when 𝑝 is more than 𝑛 respectively (Hoerl and 

Kennard, 1970; Ryan, 2009; Wang et al., 2016). With the advancement in technology, high and ultra-high 

dimensional data where number of variables 𝑝 exceeds the sample size 𝑛 are emerging from medical 

research and many other areas (Yahya et al., 2011; Hapfelmeier et al., 2012; Yahya et al., 2014; Yahya et 

al., 2015). 

Variable selection is basically important for making sense with (ultra) high-dimensional data (Fan 

and Li, 2006) and it could lead to increased prediction performance of the fitted model. Classical model 

selection methods are the best-subset selection method and its step-wise variants. Nevertheless, best-

subset selection is computationally impracticable when the number of predictors is large. Furthermore, as 

reported by Breiman (1996), subset selection is unstable while step-wise methods can perform very poorly 

resulting in a model with poor prediction accuracy. Also, when predictors are highly correlated, estimates 

of 𝛽 by the OLS are not unique (Tan, 2012). The ridge regression (Hoerl and Kennard, 1970) uses an 𝐿2-
norm penalty to improve OLS when the predictors are correlated. The ridge estimator is obtained by 

solving the 𝐿2-norm penalized least squares problem 
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𝛽̂𝑟𝑖𝑑𝑔𝑒 = 𝑎𝑟𝑔min
𝛽
‖𝑌 − 𝛽0 − 𝑋

𝑇𝛽‖2
2 + 𝜆‖𝛽‖2

2 

where ‖𝛽‖2
2 = ∑ 𝛽𝑗

2𝑝
𝑗=1  is the 𝐿2-norm of 𝛽. The ridge regression tries to take care of the problems caused 

by presence of correlated predictors in the model but does not carry out variable selection. 

One of the most popular methods that have been proposed to overcome the underlying drawbacks of subset 

selection, stepwise selection and the OLS is the least absolute shrinkage and selection operator (LASSO) 

(Tibshirani, 1996). The LASSO estimator is obtained by solving the 𝐿1 penalized least squares problem 

𝛽̂𝑙𝑎𝑠𝑠𝑜 = 𝑎𝑟𝑔min
𝛽
‖𝑌 − 𝛽0 − 𝑋

𝑇𝛽‖2
2 + 𝜆‖𝛽‖1, 

where ‖𝛽‖1
1 = ∑ |𝛽𝑗|

𝑝
𝑗=1  is the 𝐿1-norm of 𝛽. Although the LASSO has shown success in many situations, 

some of its limitations include its inability to select more than 𝑛 predictors in the 𝑝 >  𝑛 situation; 

tendency to select only one variable from a group of predictors with high pairwise correlations and poor 

performance compared to ridge regression in the 𝑛 >  𝑝 situation. To overcome the problems of LASSO 

highlighted above, Zou and Hastie (2005) proposed the elastic-net which is a combination of the 𝐿1 penalty 

of the LASSO and the 𝐿2  penalty of the ridge. The naïve elastic net estimator 𝛽𝑛𝑎𝑖𝑣𝑒−𝑒𝑛𝑒𝑡 is the solution 

to 

                 𝛽̂𝑛𝑎𝑖𝑣𝑒−𝑒𝑛𝑒𝑡 =  𝑎𝑟𝑔min
𝛽
‖𝑌 − 𝛽0 − 𝑋

𝑇𝛽‖2
2 + 𝜆1‖𝛽‖1 + 𝜆2‖𝛽‖2

2.                               (2) 

Zou and Hastie (2005) called the estimator obtained from (2) the naïve elastic-net estimator and showed 

that it does not perform satisfactorily nor possess the minimax optimal property because of the double 

shrinkage due to the 𝐿1 and 𝐿2 penalties which introduces unnecessary extra bias. Zou and Hastie (2005) 

obtained the elastic-net (ENET) estimator as (1 +
𝜆2

𝑛
) 𝛽̂𝑛𝑎𝑖𝑣𝑒−𝑒𝑛𝑒𝑡 and (1 + 𝜆2)𝛽̂𝑛𝑎𝑖𝑣𝑒−𝑒𝑛𝑒𝑡 if the 

predictors are standardized (each variable has mean zero and 𝑙2-norm one). However, Anbari and Mkhadri 

(2014) remarked that the ENET seems to be slightly less reliable if the correlation between variables is 

not so extreme. Besides, ENET ignores the information concerning the correlation of the data in the 𝑙2 
norm penalty. 

With similar intent, the octagonal shrinkage and clustering algorithm for regression (OSCAR) which 

is based on the penalized least squares with a penalty function combining the 𝐿1 and the pairwise 𝐿∞ 

norms was proposed by Bondell and Reich (2008). The OSCAR constrains some coefficients to be 

identically equal, allowing correlated predictors that have similar effect on the response to form clusters 

represented by the same coefficients. Nevertheless, Anbari and Mkhadri (2014) observed that obtaining 

the OSCAR estimates can be slow for large 𝑝. Alternatively, Tutz and Ulbricht (2009) proposed a 

combination of a correlation based penalty (CP) and a blockwise boosting procedure (BB) for carrying 

out shrinkage and variable selection. But, in practice determining the step length factor and the stopping 

number of iterations for the blockwise boosting procedure can sometimes be tough and affects the sparsity 

of the solution as well as the speed of the procedure. As a result, Anbari and Mkhadri (2014) introduced 

the correlation based elastic-net estimator (𝛽̂𝑐𝑝) which is the minimizer of 

          ‖𝑌 − 𝛽0 − 𝑋
𝑇𝛽‖2

2 + 𝜆1‖𝛽‖1 + 𝜆2∑∑[
(𝛽𝑗 − 𝛽𝑘)

2

1 − 𝑟𝑗𝑘
+
(𝛽𝑗 + 𝛽𝑘)

2

1 + 𝑟𝑗𝑘
]

𝑘>𝑗

𝑝−1

𝑗=1

,                           (3) 

where 𝑟𝑗𝑘 is the empirical correlation between the predictors 𝑋𝑗 and 𝑋𝑘. The L1CP is the combination of 

the LASSO and the correlation based penalty (CP) of Tutz and Ulbricht (2009). Similarly, Tan (2012) 

also proposed two correlation adjusted elastic net (namely CAEN1 and CAEN2) penalties for linear 

regression and were further extended for the Poisson regression by Algamal and Lee (2015). The L1CP 

was found to have good empirical performance compared to the LASSO and ENET. Nonetheless, the 

double shrinkage incurred by using both the 𝐿1 and correlation based penalties was not accounted for in 

the L1CP which can lead to unnecessary bias. Thus, the performance of the L1CP can be improved if the 

double shrinkage is undone. 

Our goal in this study is to introduce scaled version of the L1CP. The main idea is to improve the 

performance of the L1CP by scaling the estimates in order to undo the double shrinkage obtained by 
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combining both the 𝐿1 and correlation based penalties. In this paper, we call the estimator proposed by 

Anbari and Mkhadri (2014) naïve L1CP while we call our proposed estimators CL1CP. We obtain the 

scales by carrying out a decomposition of the CP estimator (Tutz and Ulbricht, 2009) using ideas similar 

to those used by Zou and Hastie (2005) to correct the naïve ENET to give the ENET estimator.  

The rest of the paper is organized as follows; In Section 2, we introduce the CL1CP and the estimators 

with corresponding proposed methods of rescaling. We carry out simulation studies to evaluate the finite 

sample performance of our proposals in comparison to the naïve L1CP as well as other competitors such 

as the LASSO and ENET in Section 3. In section 4, we apply all the methods considered in Section 3 on 

real life data. Concluding remarks are given in Section 5. 

2. THE METHODOLOGY- RESCALED L1CP (CL1CP) 

In this section, we present the elements of the correction for the L1CP procedure to give the CL1CP.  

The objective function to be minimized to yield the L1CP regression estimates is 

                                               ‖𝑌 − 𝛽0 − 𝑋
𝑇𝛽‖2

2 + 𝜆1‖𝛽‖1 + 𝜆2𝑃(𝛽),                                                    (4) 
where  

𝑃(𝛽) = ∑∑[
(𝛽𝑗 − 𝛽𝑘)

2

1 − 𝑟𝑗𝑘
+
(𝛽𝑗 + 𝛽𝑘)

2

1 + 𝑟𝑗𝑘
]

𝑘>𝑗

𝑝−1

𝑗=1

. 

Our proposed corrected estimator is of the form 

                      𝛽̂𝐶𝐿1𝐶𝑃 = 𝑆 × [𝑎𝑟𝑔min
𝛽
‖𝑌 − 𝛽0 − 𝑋

𝑇𝛽‖2
2 + 𝜆1‖𝛽‖1 + 𝜆2𝑃(𝛽)],                            (5) 

where 𝑆 is the scaling factor and 𝑟𝑗𝑘 is the empirical Pearson’s product moment correlation between 𝑋𝑗 

and 𝑋𝑘. Details on the scaling factor are given in the following. Tutz and Ulbricht (2009) showed that 

𝑃(𝛽) can be written in a simple quadratic form: 

𝑃(𝛽) = 𝛽𝑇𝑊𝑐𝑝𝛽, 

where 𝑊𝑐𝑝 = (𝑤𝑖𝑗)1≤𝑖,𝑗≤𝑝
 is a matrix such that 

𝑤𝑖𝑗 =

{
 
 

 
 2∑

1

1 − 𝑟𝑖𝑠
2

𝑠≠𝑖

, 𝑖 = 𝑗

−2𝑟𝑖𝑗

1 − 𝑟𝑖𝑗
2 ,                  𝑖 ≠ 𝑗

, 

and 𝑟𝑖𝑗
2 ≠ 1, 𝑖, 𝑗 = 1,… , 𝑝. The estimator proposed by Anbari and Mkhadri (2014) which we call naïve 

L1CP estimator is a two-stage procedure: the correlation based penalty (CP) (Tutz and Ulbricht, 2009) 

regression coefficients are first obtained for each fixed 𝜆2, and then the lasso type shrinkage is carried out 

along the lasso coefficient solution paths. This leads to a double amount of shrinkage which introduces 

unnecessary extra bias, compared with pure CP or LASSO. We, therefore, introduce a corrected L1CP 

(CL1CP) estimator 𝛽̂𝐶𝐿1𝐶𝑃 which is given as 

            𝑑𝑖𝑎𝑔(𝜆2𝑊𝑐𝑝 + 𝐼) [𝑎𝑟𝑔min
𝛽
‖𝑌 − 𝛽0 − 𝑋

𝑇𝛽‖2
2 + 𝜆1‖𝛽‖1 + 𝜆2𝛽

𝑇𝑊𝑐𝑝𝛽],                       (6) 

where 𝐼 is a 𝑝 × 𝑝 identity matrix and 𝑑𝑖𝑎𝑔(𝐴) is a diagonal matrix such that its diagonal elements are 

the same as the diagonal elements of 𝐴. It is easy to see that the CL1CP estimator is given by (5) when  

                                                           𝑆 = 𝑑𝑖𝑎𝑔(𝜆2𝑊𝑐𝑝 + 𝐼).                                                                  (7) 

The scale factor for a single 𝛽𝑗 can be simplified to 

𝑆𝑗𝑗 = 1 + 2𝜆2∑
1

1− 𝑟𝑗𝑠
2

𝑝

𝑠≠𝑗

. 
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The motivation for adopting the 𝑑𝑖𝑎𝑔(𝜆2𝑊𝑐𝑝 + 𝐼) is similar to the argument used by Zou and Hastie 

(2005) to improve the performance of the ENET by rescaling the naïve ENET. First, it should be recalled 

that the correlation based penalty (CP) (Tutz and Ulbricht, 2009) estimator is given as 

𝛽̂𝑐𝑝 = (𝑋
𝑇𝑋 + 𝜆2𝑊𝑐𝑝)

−1
𝑋𝑇𝑌 

Now, let us consider a decomposition of the CP estimator with 𝑿 standardized, we have 

𝑋𝑇𝑋 =

[
 
 
 
1 𝑟12 … 𝑟1𝑝
𝑟12 1 … 𝑟2𝑝
⋮ ⋮ ⋱ ⋮
𝑟1𝑝 𝑟2𝑝 … 1 ]

 
 
 

 

Thus, the CP estimator can be rewritten as 

𝛽̂𝑐𝑝 = 𝑅
−1

[
 
 
 
 
 
 
 
 1 𝑟12 (1 −

2𝜆2

1 − 𝑟12
2 )𝑆1

−1 … 𝑟1𝑝 (1 −
2𝜆2

1 − 𝑟1𝑝
2 )𝑆1

−1

𝑟12 (1 −
2𝜆2

1 − 𝑟12
2 )𝑆2

−1 1 … 𝑟2𝑝 (1 −
2𝜆2

1 − 𝑟2𝑝
2 )𝑆2

−1

⋮ ⋮ ⋱ ⋮

𝑟1𝑝 (1 −
2𝜆2

1 − 𝑟1𝑝
2 )𝑆𝑝

−1 𝑟2𝑝 (1 −
2𝜆2

1 − 𝑟2𝑝
2 )𝑆𝑝

−1 … 1
]
 
 
 
 
 
 
 
 
−1

𝑋𝑇𝑌, (8) 

where 𝑅 =

[
 
 
 
𝑆1 0 … 0

𝑆2 … 0

⋱ ⋮
𝑆𝑝]
 
 
 
. 

From (8), one can observe that L1CP estimator involves scaling the correlations 𝑟𝑖𝑗 by a factor 

(1 −
2𝜆2

1−𝑟𝑖𝑗
2) 𝑆𝑗𝑗

−1 followed by direct shrinkage with  𝑅−1 leading to double amount of shrinkage. When we 

combine the CP with the LASSO, the direct 𝑅−1 shrinkage step is not needed and removed by our scaling 

factor. In our proposed method, the shrinkage by LASSO is sufficient for controlling the variance and 

obtaining sparsity and we, therefore undo the 𝑅−1 shrinkage step by multiplying the naïve L1CP estimates 

by 𝑑𝑖𝑎𝑔(𝜆2𝑊𝑐𝑝 + 𝐼). It can be easily shown that 

𝑅 =

[
 
 
 
𝑆11 0 … 0

𝑆22 … 0

⋱ ⋮
𝑆𝑝𝑝]
 
 
 

= 𝑑𝑖𝑎𝑔(𝜆2𝑊𝑐𝑝 + 𝐼). 

2.1 Estimation and Selection of Tuning Parameters 𝝀𝟏 and 𝝀𝟐 
The properties of the L1CP highlighted in Anbari and Mkhadri (2014) are preserved in our proposed 

scaling transformations. Anbari and Mkhadri (2014) showed that the L1CP can be augmented to become 

a LASSO type problem. Therefore, existing computational techniques for penalized regression methods 

can easily be used for obtaining the CL1CP. Following Anbari and Mkhadri (2014), the L1CP 

optimization problem can be written as 

                                            𝑎𝑟𝑔min
𝛽∗
‖𝑌∗ − 𝛽0

∗ − 𝑋∗𝑇𝛽∗‖
2

2
+ 𝜆1‖𝛽

∗‖1 ,                                                   (9) 

where, 

𝑋(𝑛+𝑝)×𝑝
∗ = (

𝑋

√𝜆2𝐿
𝑇) , 𝑌(𝑛+𝑝)

∗ = (
𝑌
0
) and 𝐿𝑇 = 𝑊𝑐𝑝

1

2 . 

𝐿𝑇 is obtained from the Cholesky decomposition of 𝑊𝑐𝑝, that is, 𝐿𝐿𝑇 = 𝑊𝑐𝑝. Note that 𝑊𝑐𝑝 is a real 

symmetric positive-definite square matrix, and that the L1CP estimator becomes the naïve Elastic-Net 

estimator when 𝑊𝑐𝑝  =  𝐼. See Anbari and Mkhadri (2014) for more details on the proof of how the L1CP 
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method can be augmented to become LASSO type problems. The CL1CP estimator 𝛽̂𝐶𝐿1𝐶𝑃 can, therefore, 

be expressed as  

              𝑑𝑖𝑎𝑔(𝜆2𝑊𝑐𝑝 + 𝐼) × [𝑎𝑟𝑔min
𝛽∗
‖𝑌∗ − 𝛽0

∗ − 𝑋∗𝑇𝛽∗‖
2

2
+ 𝜆1‖𝛽

∗‖1],                      (10) 

It can be clearly seen that the CL1CP estimator becomes the Elastic-Net estimator when 𝑊𝑐𝑝  =  𝐼 whereas 

the L1CP can only reduce to the naïve Elastic-Net estimator. This is another justification for the need to 

rescale the L1CP as Zou and Hastie (2005) showed that the naïve Elastic-Net estimator does not perform 

adequately. 

We adopt the quadratic solver method proposed by Grandvalet et al. (2017) to obtain the correlation 

based regression coefficients as well as the LASSO and elastic-net regression coefficients. In this 

approach, the inner minimization problem is seen as a simple unconstrained quadratic problem, and an 

optimization strategy based on the iterative resolution of plain quadratic problems is used to obtain 

minimizers of the objective function. The algorithm is highly computationally efficient and numerically 

robust compared to other optimization strategies for sparse regression such as coordinate descent (Fu, 

1998) or proximal methods (Beck and Teboulle, 2009). The algorithm relies on second order techniques 

to solve a series of small-size quadratic approximations to the objective function defined from the 

currently estimated worst-case perturbation leading to stable convergence and reduced sensitivity to 

numerical errors, unlike first-order methods such as coordinate descent or proximal methods. The general 

scheme of the algorithm starts from a vector of zeros and continues to keep an active set of variables. Only 

the active variables are involved when solving the underlying optimization problem, hence the size of the 

underlying problems solved is related to the number of nonzero coefficients in the vector of parameters. 

Therefore, by considering a decreasing grid of values for 𝜆1 and fixing 𝜆2, the entire path of solutions can 

be explored at a reasonable computational cost. The R (R Core Team, 2018) package quadrupen 

(Grandvalet et al., 2017) contains implementation of this algorithm. For more details on the algorithm, see 

Grandvalet et al. (2017). 

Selecting the tuning parameters 𝜆1 and 𝜆2 is not a trivial task in practice and is very important in order 

to achieve a good prediction and estimation accuracy. The tuning parameters can be chosen by minimizing 

an estimate of the out-of-sample prediction error. A validation set can be used to estimate this directly if 

available, otherwise, one can use five-fold or ten-fold cross validation (Hastie et al., 2001; Efron and 

Tibshirani, 1997; Tibshirani, 1996; Kohavi, 1995; Efron and Tibshirani, 1993). In this paper, we use ten-

fold cross validation (10-fold CV) to select tuning parameters in applications on real life datasets while 

validation sets are generated to select tuning parameters in the simulation studies. The cross-validation (or 

validation) is done on a two dimensional surface since there are two tuning parameters in the ENET, L1CP 

and CL1CP. Usually a grid of 𝜆2 is chosen first, then for each 𝜆2 the entire solution path of the ENET, 

L1CP or CL1CP is produced by the quadratic solver algorithm. The second tuning parameter 𝜆1 is chosen 

by the 10-fold CV error. The chosen pair of 𝜆1 and 𝜆2 is the one with the smallest 10-fold CV error. See 

Hastie et al. (2001) for more information on selection of tuning parameters. 

3. A SIMULATION STUDY 

In this section, we present a simulation study to examine the performance of the CL1CP under various 

conditions with the OLS, stepwise, L1CP, LASSO and ENET. The methods are examined under different 

cases of medium, high and ultrahigh (𝑝 > 𝑛) dimensional settings. The true underlying regression model 

from which we simulate data is given by 

                                              𝑌 = 𝑋𝑇𝛽 + 𝜎𝜖, 𝜖~𝑁(0,1).                                                           (11) 
Each simulated data consists of a training set for fitting the model, a validation set for selecting the tuning 

parameters, and a test set on which the test errors are computed for evaluation of performance. The 

notation ·/·/· represents the number of observations in the training, validation, and test datasets, 

respectively. For example, 100/200/300 indicates that the training, validation, and test datasets contain 

100, 200, and 300 observations, respectively. In these simulation experiments, the smoothing parameters 
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𝜆1 and 𝜆2 were selected over a grid of 100 equally spaced values, ranging from 10−2 to 102.2 for each 

parameter using the validation datasets.  

3.1 Simulation Setting 

The methods under consideration are examined under five simulation settings. The simulation settings 

represent different data scenarios and are similar to those used by Tutz and Ulbricht (2006) and Zou and 

Hastie (2005). 

Setting 1: We simulated 100 data sets consisting of 𝑛/10𝑛/200 observations and 8 predictors. We 

set 𝛽 = (3, 1.5, 0, 0, 2, 0, 0, 0), 𝑛 ∈ { 50, 100} and 𝜎 = 2. The pairwise correlation between 𝑋𝑖 and 𝑋𝑗 was 

set to be 𝜌(𝑖, 𝑗) = 𝜃|𝑖−𝑗| for all 𝑖, 𝑗, where 𝜃 ∈ {0.5, 0.99}. This setting represent a sparse situation. 

Setting 2: This setting is similar to that of Setting 1 except that 𝛽𝑗 = 0.85, for all 𝑗. 

Setting 3: In this instance, the simulated data sets consist of 𝑛/10𝑛/200 observations and 40 

predictors and we set 𝛽 = (0,… ,0⏟  
10

, 2, … ,2⏟  
10

, 0, … ,0⏟  
10

, 2, … ,2⏟  
10

), 𝑛 ∈ { 50, 100}, 𝜎 = 8 and 𝜌(𝑖, 𝑗) = 0.5|𝑖−𝑗| 

for all 𝑖, 𝑗. In this setting there are 40 sparse grouped predictors with only 20 being relevant. 

Setting 4: In this setting, the simulated data sets consisting of 𝑛/10𝑛/200 observations and 40 

predictors and we set 𝛽 = (3,… ,3⏟  
15

, 0, … ,0⏟  
25

), 𝑛 ∈ { 50, 100} and 𝜎 = 15. The predictors 𝑋 are generated 

as follows: 

𝑋𝑖 = 𝑍1 +𝑤𝑖
𝑥,  𝑍1~𝑁(0,1), 𝑖 = 1,… ,5, 

𝑋𝑖 = 𝑍2 +𝑤𝑖
𝑥,  𝑍2~𝑁(0,1), 𝑖 = 6,… ,10, 

𝑋𝑖 = 𝑍3 +𝑤𝑖
𝑥,  𝑍3~𝑁(0,1), 𝑖 = 11,… ,15. 

𝑋𝑖 are independent identically distributed (iid) 𝑁(0,1), for 𝑖 = 16,… ,40 and 𝑤𝑖
𝑥 are iid 𝑁(0,0.01). This 

setting implies there are three equally important groups with each containing 5 members. 

Setting 5: In this situation, the simulated data sets consist of 𝑛/10𝑛/100 observations and 200 

predictors and we set 𝛽 = (5,… ,5⏟  
20

, 0, … ,0⏟  
180

), 𝑛 = 100, 𝜎 = 12 and 𝜌(𝑖, 𝑗) = 0.5|𝑖−𝑗| for all 𝑖, 𝑗. 

3.2 Simulation Results 

The performance of the methods are evaluated over 100 replications of each setting discussed above. The 

evaluation criteria are: prediction mean-squared errors (𝑀𝑆𝐸𝑌) defined as 
1

𝑛𝑡𝑒𝑠𝑡
‖𝑌𝑡𝑒𝑠𝑡 − 𝑋𝑡𝑒𝑠𝑡

𝑇 𝛽̂‖
2
; mean-

squared errors of estimates (𝑀𝑆𝐸𝛽) defined as ‖𝛽̂ − 𝛽‖
2
, size (𝑆) which is the number of non-zero 

estimated regression coefficients; hits (𝐶) which is the number of truly non-zero coefficients correctly 

estimated to be non-zero , false positive (𝐼𝐶) which is the number of truly zero coefficients incorrectly 

estimated to be non-zero. For each method and simulation setting, each of the evaluation criteria was 

computed over 100 replications. Tables 1-5 summarizes the medians of 𝑀𝑆𝐸𝑌, 𝑀𝑆𝐸𝛽, 𝑆, 𝐶 and 𝐼𝐶, while 

Figures 1-5 gives graphical representation of the results. The acronym TS stands for the true size of the 

model, that is, the number of important variables in the model. 

The simulation results for Setting 1 (sparse situation) at  𝜃 = 0.5 and 𝜃 = 0.99 are presented in Table 

1 and summarized in Figure 1 (𝜃 = 0.5, 𝑛 = 100). The results show that OLS has the highest estimation 

and prediction error followed by Stepwise under all scenarios in Setting 1. When the correlations among 

the predictors are relatively low (𝜃 = 0.5), the CL1CP has the best performance in terms of prediction at 

both sample sizes considered. The performance of the ENET in terms of estimation at 𝑛 = 50 is the best 

while that of CL1CP is the best at 𝑛 = 100. The L1CP outperforms the OLS, Stepwise and LASSO in 

terms of prediction and estimation. In terms of variable selection, the CL1CP, ENET and Stepwise have 

the best performance while the L1CP and LASSO have similar performance. At high level of 

multicollinearity (𝜃 = 0.99) and 𝑛 = 50, the L1CP and CL1CP have similar performance with respect to 

prediction but the L1CP seem to be slightly better than CL1CP in terms of estimation, while the LASSO 

have the worst performance in terms of prediction and estimation out of the penalized methods. Also, the 

CL1CP seem to be better than L1CP for variable selection at 𝜃 = 0.99 and 𝑛 = 50. Furthermore, at 𝜃 =
0.99 and 𝑛 = 100, the CL1CP is slightly better than L1CP in terms of prediction while for estimation 
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L1CP seem to be slightly better. The LASSO has the best variable selection performance at 𝜃 = 0.99 and 

𝑛 = 50 wth the L1CP and ENET having similar performances. 
Table 1: Medians of mean squared errors of estimation and prediction (𝐌𝐒𝐄𝛃 and 𝐌𝐒𝐄𝐘); median Absolute 

average errors of estimation (AE); median estimated model sizes (𝐒), median Hits (𝐂) and median FP (𝐈𝐂) for 

Setting 1 when 𝛉 = 𝟎. 𝟓, 𝟎. 𝟗𝟗 based on 100 replications. TS stands for the true size of the model. 

𝜽 𝒏 Method 𝑴𝑺𝑬𝜷 𝑴𝑺𝑬𝒀 
𝑺 

(𝑻𝑺 = 𝟑) 
𝑪 𝑰𝑪 

0.5 

50 

OLS 0.88 4.77 - - - 

Stepwise 0.62 4.54 4 3 1 

LASSO 0.45 4.47 6 3 3 

ENET 0.28 4.26 4 3 1 

L1CP 0.44 4.43 6 3 3 

CL1CP 0.29 4.25 4 3 1 

100 

OLS 0.43 4.33 - - - 

Stepwise 0.27 4.26 4 3 1 

LASSO 0.23 4.22 6 3 3 

ENET 0.14 4.14 4 3 1 

L1CP 0.22 4.22 6 3 3 

CL1CP 0.13 4.14 4 3 1 

0.99 

50 

OLS 48.91 4.75 - - - 

Stepwise 35.44 4.59 3 1 1 

LASSO 9.65 4.19 4 2 2 

ENET 5.92 4.09 7 3 4 

L1CP 5.5 4.09 7 3 4 

CL1CP 5.6 4.09 6 3 3 

100 

OLS 23.44 4.33 - - - 

Stepwise 19.89 4.31 3 2 1 

LASSO 6.38 4.16 4 3 2 

ENET 4.64 4.13 6 3 3.5 

L1CP 4.65 4.15 6 3 4 

CL1CP 4.71 4.11 7 3 4 

 

 

 

Figure 1: Boxplots of 𝐌𝐒𝐄𝛃 and 𝐌𝐒𝐄𝐘 over 100 replications for Setting 1 at 𝒏 = 𝟏𝟎𝟎 and 𝜽 = 𝟎. 𝟓. 

Table 2 and Figure 2 ( for 𝜃 = 0.5, 𝑛 = 100) summarize the simulation results for Setting 2 (dense 

scenario). When the correlation among the predictors is relatively low (𝜃 = 0.5) and 𝑛 = 50, LASSO has 
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the worst performance in terms of estimation followed by OLS while the L1CP has the best performance 

in terms of estimation and prediction. The Stepwise has the worst performance at 𝑛 = 50 in terms of 

prediction while CL1CP and the ENET have similar performances with respect to all the criteria in Setting 

2. At 𝜃 = 0.5 and 𝑛 = 100, LASSO has the worst performance while in terms of variable selection, all 

the penalized methods perform equally. Furthermore, under Setting 2 when there is high correlation among 

the predictors (𝜃 = 0.99), the L1CP and CL1CP have similar performances in terms of variable selection 

at both sample sizes considered while Stepwise has poorest performance followed by the LASSO. In terms 

of estimation and prediction, OLS and Stepwise perform very poorly while L1CP has the best performance 

in terms of estimation. At 𝑛 = 50, the CL1CP is slightly better than L1CP in terms of prediction while at 

𝑛 = 100 the L1CP is the best. One can also observe that the performances of CL1CP and ENET are 

similar in terms of prediction but the LASSO is the poorest based on all criteria. It can also be noted that 

both the L1CP and CL1CP outperform the ENET in terms of variable selection at 𝑛 = 50, an indication 

that having small sample size may affect the performance of the ENET and LASSO when the predictors 

are highly collinear. Under Setting 2, the L1CP mostly outperforms the CL1CP in terms of prediction and 

estimation, this is in line with the results of Zou and Hastie (2005) where the Naïve ENET outperforms 

the ENET under a similar setting like this.  

From results for Settings 1 and 2, it appears that when there is high correlations among the predictors, 

the extra shrinkage incurred by the correlation based penalties is needed and should not be undone. 

Therefore, the naïve ENET and L1CP methods are better in terms of estimation and prediction when the 

correlations among the predictors are high and when all the predictors included in the model are relevant. 

However, the naïve methods are conservative and usually do not select sparse models compared to our 

proposed CL1CP as will see in the results from the remaining examples. 
Table 2: Medians of mean squared errors of estimation and prediction (𝐌𝐒𝐄𝛃 and 𝐌𝐒𝐄𝐘); median Absolute 

average errors of estimation (AE); median estimated model sizes (𝐒), median Hits (𝐂) and median FP (𝐈𝐂) for 

SETTING 2 when 𝛉 = 𝟎. 𝟓, 𝟎. 𝟗𝟗 based on 100 replications. 

𝜽 𝒏 Method 𝑴𝑺𝑬𝜷 𝑴𝑺𝑬𝒀 
𝑺 

(𝑻𝑺 = 𝟑) 
𝑪 𝑰𝑪 

0.5 

50 

OLS 0.86 4.49 - - - 

Stepwise 1.39 4.77 7 7 0 

LASSO 0.88 4.46 8 8 0 

ENET 0.69 4.36 8 8 0 

L1CP 0.45 4.24 8 8 0 

CL1CP 0.69 4.34 8 8 0 

100 

OLS 0.44 4.21 - - - 

Stepwise 0.45 4.26 8 8 0 

LASSO 0.43 4.30 8 8 0 

ENET 0.33 4.26 8 8 0 

L1CP 0.25 4.25 8 8 0 

CL1CP 0.34 4.26 8 8 0 

0.99 50 

OLS 44.89 4.49 - - - 

Stepwise 21.10 4.36 2 2 0 

LASSO 10.70 4.18 4 4 0 

ENET 0.09 3.93 5 5 0 

L1CP 0.07 3.96 8 8 0 

CL1CP 0.30 3.94 8 8 0 
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100 

OLS 23.58 4.21 - - - 

Stepwise 18.02 4.16 3 3 0 

LASSO 7.82 4.16 5 5 0 

ENET 0.05 4.07 8 8 0 

L1CP 0.03 4.03 8 8 0 

CL1CP 0.22 4.07 8 8 0 

 

 

 

Figure 2: Boxplots of 𝐌𝐒𝐄𝛃 and 𝐌𝐒𝐄𝐘 over 100 replications for Setting 2 at 𝒏 = 𝟏𝟎𝟎 and 𝜽 = 𝟎. 𝟓. 

 

According to the Table 3 which presents the results for Setting 3 (equally grouped sparse variables) 

and Figure 3 (for 𝑛 = 100), the CL1CP outperforms all the methods based on all the criteria with the 

ENET following closely and OLS and Stepwise having the worst performance. Of the penalized methods, 

the LASSO has the worst performance in terms of estimation and prediction when 𝑛 = 50 while L1CP is 

the worst when 𝑛 = 100. In terms of variable selection, the LASSO is better than the L1CP. The results 

here show that scaling the L1CP increases its performance in terms of estimation, prediction and ability 

to do “grouped variables” selection. 

In Settings 4 and 5, the OLS and Stepwise methods are not included since they always behave poorly 

as in the previous settings and are not applicable in Setting 5 where 𝑝 > 𝑛. The results for Setting 4 

presented in Table 4 and summarized in Figure 4 (𝑛 = 100 only) reveal that L1CP outperforms all the 

other methods in terms of all the evaluation criteria at 𝑛 = 50 followed by the ENET while the ENET has 

the best performance in terms of estimation and prediction at 𝑛 = 100 followed closely by CL1CP. The 

LASSO performs poorly in terms of prediction, estimation and variable selection omitting relevant 

variables while the L1CP selects the highest number of irrelevant variables. The performance of the 

CL1CP here is significantly better than that of L1CP, this further shows that scaling the L1CP estimator 

improves its ability to do group selection. 
Table 3: Medians of mean squared errors of estimation and prediction (𝐌𝐒𝐄𝛃 and 𝐌𝐒𝐄𝐘); median Absolute 

average errors of estimation (AE); median estimated model sizes (𝐒), median Hits (𝐂) and median FP (𝐈𝐂) for 

SETTING 3 based on 100 replications. 

𝒏 Method 𝑴𝑺𝑬𝜷 𝑴𝑺𝑬𝒀 
𝑺 

(𝑻𝑺 = 𝟐𝟎) 
𝑪 𝑰𝑪 

50 
OLS 5.29 7.36 - - - 

Stepwise 5.11 7.18 31 20 11 
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LASSO 3.33 6.15 29 20 9 

ENET 2.41 5.47 23 20 3 

L1CP 3.09 6.11 31 20 11 

CL1CP 2.42 5.50 23 20 3 

100 

OLS 2.67 5.58 - - - 

Stepwise 2.26 5.34 25 20 5 

LASSO 1.58 5.17 28 20 8 

ENET 1.22 4.90 23 20 3 

L1CP 1.59 5.23 30 20 10 

CL1CP 1.21 4.90 23 20 3 

 

 

 

Figure 3: Boxplots of 𝐌𝐒𝐄𝛃 and 𝐌𝐒𝐄𝐘 over 100 replications for Setting 3 at 𝒏 = 𝟏𝟎𝟎. 

 

The results for Setting 5 (𝑝 > 𝑛 situation) are summarized in Table 5 and Figure 5. According to the 

results, the ENET has the best performance in terms of estimation, prediction and variable selection 

followed by the LASSO and then CL1CP but in terms of variable selection. The results also show that the 

performance of the CL1CP is significantly better than that of the L1CP in terms of the criteria. The L1CP 

has poor performance in terms of estimation and prediction and selects a ridiculously large number of 

irrelevant variables compared to the CL1CP. 

In general, the proposed CL1CP outperform the L1CP in almost all situations considered. The 

performance of the CL1CP does not strongly differ where the L1CP is better. The L1CP always select 

sparser models compared to the L1CP without omitting the relevant variables. Also, we find that the 

CL1CP outperforms the ENET and LASSO at times especially under situations where there are grouped 

variables and competes favourably in other situations. 

 
Table 4: Medians of mean squared errors of estimation and prediction (𝐌𝐒𝐄𝛃 and 𝐌𝐒𝐄𝐘); median Absolute 

average errors of estimation (AE); median estimated model sizes (𝐒), median Hits (𝐂) and median FP (𝐈𝐂) for 

SETTING 4 based on 100 replications. 

𝒏 Method 𝑴𝑺𝑬𝜷 𝑴𝑺𝑬𝒀 
𝑺 

(𝑻𝑺 = 𝟏𝟓) 
𝑪 𝑰𝑪 

50 LASSO 385.67 288.97 10 3 7 
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ENET 13.70 264.02 18 15 3 

L1CP 28.48 289.77 25 15 10 

CL1CP 11.95 258.58 18 15 3 

100 

LASSO 420.18 250.61 10 3 7 

ENET 2.74 235.40 17 15 2 

L1CP 9.95 249.53 23 15 8 

CL1CP 3.28 236.12 17 15 2 

 

 

 

Figure 4: Boxplots of 𝐌𝐒𝐄𝛃 and 𝐌𝐒𝐄𝐘 over 100 replications for Setting 4 at 𝒏 = 𝟏𝟎𝟎. 

 

Table 5: Medians of mean squared errors of estimation and prediction (𝐌𝐒𝐄𝛃 and 𝐌𝐒𝐄𝐘); median Absolute 

average errors of estimation (AE); median estimated model sizes (𝐒), median Hits (𝐂) and median FP (𝐈𝐂) for 

SETTING 5 based on 100 replications at 𝐧 = 𝟏𝟎𝟎. 

Method 𝑴𝑺𝑬𝜷 𝑴𝑺𝑬𝒀 
𝑺 

(𝑻𝑺 = 𝟏𝟓) 
𝑪 𝑰𝑪 

LASSO 105.04 246.57 43 20 23 

ENET 68.94 216.65 42 20 22 

L1CP 260.57 824.63 161 20 141 

CL1CP 148.98 327.36 24.5 20 5 
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Figure 4: Boxplots of 𝐌𝐒𝐄𝛃 and 𝐌𝐒𝐄𝐘 over 100 replications for Setting 5. 

4. APPLICATION TO REAL LIFE DATASETS 

In this section, applications of the methods on two real life datasets are considered. The first dataset is the 

prostate dataset used in Zou and Hastie (2005) which comes from a study of prostate cancer by Stamey et 

al. (1989) involving 97 men. The data consist of a response variable which is the log of prostate specific 

antigen (lpsa) and eight predictors: log cancer volume (lcavol), log prostate weight (lweight), age, log of 

the amount of benign prostatic hyperplasia (lbph), seminal vesicle invasion (svi), log capsular penetration 

(lcp), Gleason score (gleason) and percentage Gleason score 4 or 5 (pgg45). 

The second dataset is the gene expression data from the microarray experiments on 120 mammalian 

eye tissue samples by Scheetz et al. (2006). The dataset consist of 200 predictors which represents 200 

gene probes of 120 rats. The response variable is the expression level of TRIM32 gene. In contrast to the 

first dataset, the dimension of the gene expression data is very high with the sample size (𝑛 = 120) less 

than the number of predictors (𝑝 = 200). The OLS, Stepwise selection method, LASSO, ENET, L1CP 

and the CL1CP methods were all applied to the prostate dataset while only the penalized methods were 

applied to the gene expression dataset. 

In the two applications presented in this section, the selection of the smoothing parameters 𝜆1 and 𝜆2 
was performed using a grid search approach. Specifically, we considered a grid of 100 equally spaced 

values for each parameter, ranging from 10−2 to 102.2. On a Windows 64-bit system with 8 GB RAM 

and an Intel Core i5-8365U CPU (1.60 GHz, 1.90 GHz turbo), the typical runtime for 10-fold cross-

validation was 6 seconds for the Prostate cancer dataset and 82 seconds for the Eye tissue dataset. The 

Eye tissue dataset required more computational time than the Prostate cancer dataset due to its higher 

dimensionality and larger sample size, which increased the complexity of the quadratic optimization and 

expanded the active set of variables during cross-validation, resulting in longer processing times. These 

results indicate that the validation process remains computationally efficient, making the proposed method 

practical for real-world applications, even in high-dimensional settings. 

Firstly, the prostate cancer data were randomly split into a training set with 50 observations, and a 

test set with 47 observations. The training dataset were used for model fitting and selection of tuning 

parameters by10-foldcross validation. The performance of the methods were then compared based on their 

prediction mean squared error (MSEy) on the test dataset and the number of non-zero coefficients. For the 

gene expression dataset, the training set consist of 60 observations while the test set consist of 60 
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observations likewise. The process of data splitting, model fitting and computation of MSEy were repeated 

100 times. The results for both datasets are summarized in Table 6. 

Table 6 obviously shows that the non-corrected versions of the correlation based method (L1CP) 

selects denser models compared to the corresponding corrected version (CL1CP) with no substantial gain 

in prediction accuracy in both datasets. The LASSO has the best performance in both datasets. For the 

prostate cancer data, the CL1CP selected the fewest number of predictors, which is same as the number 

of predictors selected by the stepwise method, and has prediction accuracy not significantly different from 

that of the L1CP which selects 3 variables more. Out of the penalized methods, the L1CP selects the 

highest number of predictors (176) with no significant gain in prediction accuracy. 

In the case of the gene expression dataset, which is of ultrahigh dimension, the CL1CP outperforms 

all the methods in terms of sparsity with no significant loss in prediction accuracy. The L1CP produced a 

prediction error of about 0.007, albeit with median number of predictors of 145.5 which is almost six times 

that of the CL1CP (23.5 predictors) with prediction error of 0.008. So, the L1CP performs poorly in 

variable selection in cases of 𝑝 > 𝑛 compared to CL1CP. Also, the CL1CP outperforms the ENET in 

terms of sparsity though they have the same prediction accuracy. The results from this section further 

show that the scaling the correlation based method (L1CP) improve its performances in terms of variable 

selection and can make it outperform the ENET. 
Table 6: Median mean squared errors of prediction (𝐌𝐒𝐄𝐘) and median estimated model sizes (𝐒), based on 

100 replications. 

Method 
Prostate Data Eye Tissue Data 

𝑴𝑺𝑬𝒀 𝑺 𝑴𝑺𝑬𝒀 𝑺 

OLS 0.613 8 - - 

Stepwise 0.623 4 - - 

LASSO 0.594 5 0.008 23 

ENET 0.597 5 0.008 31 

L1CP 0.603 7 0.007 176 

CL1CP 0.661 4 0.008 24 

 5. CONCLUDING REMARKS 

In this paper, we have proposed a scaled version of the correlation based penalized elastic net penalty for 

carrying out variable selection and regression simultaneously. The motivation behind our idea is from Zou 

and Hastie (2005) where decomposition of the ridge operator was used to justify the need for rescaling in 

other to ameliorate the challenges that are associated with double shrinkage through the use of the ridge  

and LASSO penalties. Following the ideas of Zou and Hastie (2005), we derive the scales by a 

decomposition of the correlation based estimators.  We call the proposed scaled or corrected method 

CL1CP while the corresponding original version is referred to as the naïve L1CP. The efficient and robust 

worst-case quadratic solver method (Grandvalet et al, 2017) was adopted for estimation.  

We have demonstrated via simulations and real life dataset that the proposed method compared to the 

naïve versions is better in terms of variable selection while retaining the ability to handle grouping effects 

and produce good prediction accuracy. The results also reveal that the scaled version of the correlation 

based method outperforms the LASSO and elastic-net in some situations especially in terms of variable 

selection in the presence of group effect. Generally, the new CL1CP proposed method possesses better 

performance in terms of correct identification of relevant variables which is vital in high dimensional 

regression problems.  Finally, the new rescaled correlation based penalized regression method proposed 

in this work may attract wider applications in data mining and big data analytics. 
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A key advantage of the proposed methodology is its favourable computational efficiency. By 

leveraging an iterative quadratic solver that focuses only on the active set of variables, the algorithm 

significantly reduces the dimensionality of the optimization problem at each step. This selective approach 

results in a smaller computational cost compared to traditional sparse regression techniques such as 

coordinate descent or proximal methods. 

The method proposed here may be extended to generalized linear models such as the binary logistic 

regression, Poisson regression, COM-Poisson regression (Shmueli et al., 2005; Adeniyi et al., 2019), and  

structured modelling (Ezenweke et al., 2023) settings by adopting a penalized likelihood approach. 
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